With the transfer-matrix method, conditions of extraordinary electromagnetic resonant tunneling through all combinations of three-layer nonmagnetic (µ = 1) media containing epsilon-negative (ENG) and doublepositive (DPS) slabs were explored. We show that abnormal phenomena can occur in the ENG-DPS-ENG structure, without any restriction on the permittivity of the DPS layer. Changes of transmittance as a function of frequency and incidence angle for a dispersive, lossy model are also calculated, and the results demonstrate the possibility of exhibition this counterintuitive tunneling phenomenon in the DPS-ENG-DPS structure within a wide range of incidence angles.
Introduction
In the last decade, some extraordinary cases of transmission of electromagnetic waves have triggered great interest [1, 2] . These extraordinary phenomena usually occur in a multi-layer structure containing epsilon-negative (ENG) or mu-negative (MNG) slabs. The origin of complete tunneling is explained as the balance between the enhancement and decay of the evanescent fields inside the layers [3] . A. Alù and N. Engheta discovered that, when passing through opaque media such as the ENG-MNG structure, electromagnetic waves can generate an extraordinary phenomenon-resonant tunneling (with total transmission * E-mail: naihuizhao@gmail.com and zero phase delay) [4] . Similar resonant tunneling was discovered in three-layer media later. For example, L. Zhou et al. found electromagnetic tunneling in the symmetric DPS-ENG-DPS structure [5] . K.-Y. Kim and B. Lee investigated the conditions for and properties of the complete tunneling of light through a composite barrier made of impedance-mismatched metamaterial layers [6] . Then complete tunnelings of multiple layers and normally incident light through singly negative materials were also investigated [3, 7] . Moreover, T. Feng et al. found that resonant tunneling can be realized in the MNG-vacuum-ENG structure [8] . In metamaterials, the propagation of electromagnetic waves has exhibited lots of promising applications, for instance, subwavelength lensing, electromagnetic cloaking, energy transferring and so on [3, 8] .
Recently, people have gradually begun to concentrate on asymmetric structures [9, 10] . For example, with the transfer-matrix method, G. Castaldi et al. derived the conditions of resonant tunneling when electromagnetic waves propagate through asymmetric ENG-DPS-DPS media [10] . They provided the selection basis of the parameters for each layer such as the thickness and permittivity. Before this, studies of three-layer media were usually restricted to symmetrical structures. Above all, they revealed that resonant tunneling can occur in the ENGvacuum-DPS structure. In this paper, we further derive analytically the conditions for transmission resonance of asymmetric three-layer medium in different combinations containing the ENG layer and the DPS layer. Kim et al. proved theoretically that the surface mode plays an important role in complete tunneling that arises from balancing field enhancement and decay, and at least one interface supports the surface mode [3] . Therefore, the structure that we investigate contains at least one interface of ENG-DPS or DPS-ENG to provide the surface mode. We also show that transmission resonance exists in the ENG-vacuum-ENG structure. So far, any slab of ENG, DPS and MNG can be applied to compensate the ENG slab to realize resonant tunneling when separating them at a distance [8, 10] .
Theoretical model
Without loss of generality, we consider a three-layer structure containing ENG and DPS slabs, as shown in Fig. 1 . The thicknesses of the slabs are 1 2 and 3 , and the corresponding permittivities are 1 2 and 3 , respectively, with nonmagnetic (µ 1 2 3 = 1). All the slabs are immersed in vacuum ,i.e., the area where < 0 or > ( 1 + 2 + 3 ) is vacuum. The transfer-matrix method is applied to calculate the electric and magnetic field (normalized) distribution. According to the findings in Principles of Optics by M. Born and E. Wolf [11] , each slab corresponds to a transfer matrix. In the DPS slab it is
while in the ENG slab, we have
where = 1 2 3 denotes the respective slab, 0 is the wave vector in vacuum, while τ can be expressed as tan 0 
√
for the DPS slab or tanh 0 √ − for the ENG slab. Hence, the transfer-matrix of the threelayer medium can be expressed as Conditions for resonant tunneling of electromagnetic waves or the parameter configuration for thicknesses and permittivities in the ENG-DPS-DPS structure have been proposed [9] . We investigate the conditions for resonant tunneling in the DPS-ENG-DPS and other structures as follows. All the combinations contain at least one interface of DPS-ENG or ENG-DPS, which will ensure that the complete tunneling phenomenon occurs as a successive energy transfer via the surface modes along the interfaces between barrier layers, or their corresponding supermodes [6] .
1. In the DPS-ENG-DPS structure, conditions for resonant tunneling of electromagnetic waves have been identified in the bilaterally symmetric structure [5] . In our work, more general analysis is conducted where the two DPS slabs have different thicknesses. For such a structure, 1 3 > 0 and 2 < 0. Using the total transfer-matrix to calculate the reflection coefficient and zeroing its real part, we obtain
The following relationships are derived from Eqs. (4) and (5) (
Eq. (6) is quadratic in τ 1 , which has real solutions when 2 (
Two cases need to be considered next. Firstly, when 0
> 0, in order to ensure the positive value of 3 and 1 , we obtain the following condition
According to Eq. (7), 3 must meet the following condition
To insure 3 to be positive, 2 and τ 2 satisfy the following constrained relationship
Secondly, when 1 > 1, with a similar method, we obtain the following conditions
It can be found in the above analysis that in the DPS-ENG-DPS structure, when and of the ENG slab meet certain conditions (Eq. (10) (9) or (11) and (12), and 1 and 3 can be backwards selected according to Eqs. (5) and (6). 2. In the DPS-DPS-ENG structure, similar to the analysis of the DPS-ENG-DPS structure, when zeroing the reflection coefficient, we obtain
(15) Comparing with the ENG-DPS-DPS structure [10] , due to the symmetrical characteristics, it can be easily inferred that there may be a similar resonant tunneling phenomenon in the DPS-DPS-ENG structure as in the ENG-DPS-DPS structure.
3. For the ENG-ENG-DPS structure, we obtain
Eliminating τ 3 from Eqs. (16) and (17), we have
where
Since we cannot get a solution of τ 2 larger than 0 from Eq. (18), the transmission resonance does not exist in the ENG-ENG-DPS structure.
4. For the ENG-DPS-ENG structure, conditions for the resonant tunneling of electromagnetic waves in the bilaterally symmetric structure have been given [1] . Here, for a more general condition in the asymmetric structure, zeroing reflection coefficient, we obtain
With Eqs. (19) and (20), eliminating τ 3 , we obtain
To get the real solution of τ 3 , it is required that However, since 1 ( [10] , the middle DPS slab can be vacuum. Likewise, we can select 2 = 1 here. In other words, resonant tunneling can be observed also in the ENG-vacuum-ENG structure.
Resonant tunneling cannot exist in the DPS-ENG-
ENG structure for the same reason as in the ENG-ENG-DPS structure.
Numerical calculation and analysis

Resonant tunneling in the DPS-ENG-DPS structure
Considering the DPS-ENG-DPS structure, we select 2 = −3, 2 = 0 1λ 0 (here and henceforth, the subscript 0 identifies resonant frequency and wavelength quantities). Based on the previously deduced conditions, we consider a structure containing DPS slabs with 1 = 12, 1 = 0 0272λ 0 , and 3 = 20, 3 = 0 0163λ 0 . For a normally incident plane-wave plane excitation, Fig. 2 depicts the distributions of electric field (|E| 2 ) and magnetic field (|B| 2 ) (normalized). As seen from Fig. 2 , two local maxima are observed at the interfaces between the layers, where the surface modes exist due to changes in the signs of 1 , 2 and 2 , 3 . Since the surface mode propagates along a direction parallel to the interface, the energy is confined to the interface. The local maxima of the magnetic field form at the interfaces, while the boundary condition requires that the electric field be continuous across the interface between two media. The surface mode plays an important role in complete tunneling, so at least one interface which supports a local surface mode is needed, and it is not necessary that every interface between adjacent layers support a surface mode [3] , such as in the DPS-DPS-ENG structure where the surface mode exists at the interface between the 2nd and the 3rd layer, not at the 1st and the 2nd, but the complete tunneling continues to occur. Next we will investigate that structure.
Resonant tunneling in the DPS-DPS-ENG structure
Resonant tunneling in the ENG-DPS-DPS structure has been investigated in the literature Ref. 10 . For the DPS-DPS-ENG structure with the parameters 1 = −3, 1 = 0 1λ 0 , 2 = 2 5, 2 = 0 236λ 0 and 3 = 16, 3 = 0 0624λ 0 , considering a normally incident electromagnetic plane-wave excitation, Fig. 3a displays the distributions of electric field and magnetic field in the structure. In comparison, to exchange the first and the third layer, the distributions of electric field and magnetic field in the ENG-DPS-DPS structure with the same selection of parameter values are depicted in Fig. 3b . It can be seen from the figure that the distributions of the electric field and the magnetic field are reversed in the ENG-DPS-DPS structure and the DPS-DPS-ENG structure, since the propagation of electromagnetic wave is reversible. [3] . Even if we perform any arbitrary permutations on layers, the complete tunneling still occurs.
So far, we have investigated all the combinations of two DPS layers and one ENG layer. Complete tunneling can occur in all the structures. This shows that the complete tunneling is not affected by the order of the inner layers
Resonant tunneling in the ENG-DPS-ENG structure
Based on the above calculation on the ENG-DPS-ENG structure, we choose a model with 1 = −3, 1 = 0 1λ 0 , 2 = 14, 2 = 0 0365λ 0 and 3 = −5, 3 = 0 0773λ 0 . As shown in Fig. 4a , we can see that the maximum value of electric field occurs in the middle DPS layer. Meanwhile, the magnetic field peaks at the interfaces between two slabs, and reaches the minimum value in the middle DPS layer. It has been shown that resonant tunneling can be found in the bilaterally symmetric ENG-DPS-ENG structure [4] . From our result, the phenomenon can happen even though 1 = 3 , 1 = 3 . In the ENG-DPS-ENG structure, 2 can be selected arbitrarily. For instance, choosing 2 = 1, i.e. the middle layer is vacuum, keeping the parameters of the first ENG layer the same as in Fig. 4a , and for other layers, choosing 2 = 0 344λ 0 and 3 = −10, 3 = 0 0398λ 0 , the distributions of electric and magnetic field are shown in Fig. 4b . From the figure, the transmission of electromagnetic wave is observed. It has been proved that resonant tunneling can occur in the ENG-vacuum-MNG structure or in the ENGvacuum-DPS structure [8] . Here we show that this abnormal phenomenon happens in the ENG-vacuum-ENG structure. Thus, for a given ENG layer, we can use a DPS, ENG or MNG layer to combine with it at a distance to construct a device for resonant tunneling. 
Resonant tunneling in a dispersive model
Assessing frequency and angular dependence, as well as sensitivity to polarization, we consider a more realistic medium. We start from a DPS-ENG-DPS structure, but now for the ENG medium, a Drude-type dispersive, lossy model is adopted, i.e.
where represents the number of its layer, ω is the plasma angular frequency at layer , and γ is the damping coefficient. And for the DPS medium, a Lorentz-type dispersive, lossy model is adopted as follows
where ∞ is the permittivity at infinite frequency. The selected parameters ensure that at the frequency ω 0 , the loss tangent in the ENG medium is 10
and that of the DPS medium is 10 . Consider three cases with an ENG slab 2 = −3, 2 = 0 1λ 0 , 2 = −3, 2 = 0 01λ 0 and 2 = −100, 2 = 0 01λ 0 , other parameters are selected according to the conditions that we derive above. The results are shown in Fig. 5 . When increasing the thickness or the permittivity of the ENG slab, we observe a lower transmittance because of the loss of the ENG medium. In addition, the width of the resonant peak is relatively larger [12] . Of the three cases, the red dashed line ( 2 = −3 2 = 0 01λ 0 ) has the smallest thickness and the highest transparency, so a rather broad resonance is observed, with a frequency range from 0.6 to 1.05 and a transmittance exceeding 0.95, and a maximum value exceeding 0.98. By contrast, the widths of the resonant peaks of the black solid line and the blue dotted line ( 2 = −3 2 = 0 1λ 0 ) are much narrower and the transmittances are also lower. In addition, their transmittances change in a similar way when ω/ω 0 is smaller than 1. When ω/ω 0 exceeds 1, their transmittances drop sharply (close to 0 in some range) and then climb up, even showing one or several small transmission peaks, which was also found in the asymmetric ENG-DPS-DPS media when considering the DPS layer as a lossy medium. In some extreme conditions, when ω/ω 0 increases gradually, high transmittance can occur also, which can be clearly attributed to the impact of the dispersion effects in the ENG medium and the DPS medium [10] . Next, we study the sensitivity to polarization and losses. Considering oblique incidence, the DPS medium corresponds to a transfer matrix DPS structure, considering three representative parameter configurations, we calculate the transmittance as a function of the incidence angle at the resonant frequency for both the TE and TM polarizations, shown in Fig. 6 . We observe flatter angular response for both TE and TM polarizations in a broad range of incidence angle. For instance, for the TM wave, the red dashed line ( 2 = −3 2 = 0 01λ 0 ) has an angle range of resonance from 0
• to 50
• . This means that the angular response turns out not to be very selective.
Conclusions
With the transfer-matrix method, conditions for transmission of electromagnetic waves in three-layer media containing different combinations of ENG layers and DPS layers are studied. The results demonstrate that for those combinations (ENG-DPS-DPS, DPS-ENG-DPS, DPS-DPS-ENG and ENG-DPS-ENG), with the proper selections of thickness and permittivity, resonant tunneling can occur. In particular, in the ENG-vacuum-ENG structure, the resonant transmission can take place just as in the ENG-vacuum-DPS and the ENG-vacuum-MNG structure [8, 9] . Furthermore, the transmittance is calculated in the DPS-ENG-DPS structure as a function of frequency and incidence angle in a lossy model. The result shows that a resonance with a wide range of incidence angle can be observed in the DPS-ENG-DPS structure.
